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Abstract: We present a rigorously documented, reproducible, and benchmarked high-order numerical 

framework for the one-dimensional nonlinear Fisher (Fisher–KPP) equation. The method combines 

second-order central finite differences for spatial discretization within the method-of-lines (MOL) 

framework and a five-stage, fourth-order strong stability-preserving Runge–Kutta integrator (SSP-RK54) 

for time integration. The resulting semi-discrete system is advanced with an explicit SSP integrator whose 

coefficients are given in full; we provide the Butcher tableau, algorithmic pseudocode, and practical 

guidance for CFL selection. We verify the method on two canonical traveling-wave test problems with 

known closed-form solutions, perform systematic spatial and temporal convergence studies, and compare 

cost-normalized accuracy against representative published methods. A detailed truncation-error 

derivation, Von Neumann linear stability analysis, and nonlinear positivity discussion are included. 

Numerical experiments demonstrate fourth-order temporal convergence and second-order spatial 

convergence, with error levels consistent with the theoretical O(Δt4+h2) behavior. We provide 

reproducibility materials, implementation notes for MATLAB, and recommendations for extensions to stiff 

regimes, IMEX variants, and multi-dimensional problems. 
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INTRODUCTION 

The Fisher equation, also known as the Fisher-KPP equation in acknowledgment of the pioneering 

contributions of Fisher (1937) and Kolmogorov et al. (1937), represents one of the most fundamental 

nonlinear reaction-diffusion equations in mathematical biology and applied mathematics. Originally 

formulated in 1937 to describe the spatial spread of advantageous genes in population genetics, this 

equation has since emerged as a cornerstone model for understanding wave propagation phenomena 

across an extraordinarily diverse range of scientific disciplines (Murray, 2002; Grindrod, 1996). The 

equation's enduring significance stems from its remarkable ability to capture the essential dynamics of 
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spatial spreading processes while maintaining mathematical tractability that allows for rigorous analysis 

and accurate numerical approximation. 

The mathematical significance of the Fisher equation extends far beyond its original biological 

context. In the field of population dynamics, it provides a theoretical framework for understanding how 

species migrate and colonize new territories, with applications ranging from invasive species management 

to ecological modeling (Shigesada and Kawasaki, 1997). The equation's traveling wave solutions describe 

the characteristic front propagation that arises when populations expand into previously unoccupied 

habitats, a phenomenon observed in countless natural systems from bacterial colonies to animal 

populations. The speed of the traveling wave solution depends on the reaction coefficient and the initial 

condition, with minimal wave speed c_min = 2√α for the classical Fisher equation with logistic reaction 

term. 

In epidemiology, the Fisher equation and its generalizations have been instrumental in modeling 

the spatial spread of infectious diseases, providing crucial insights into epidemic dynamics and the 

effectiveness of containment strategies (Mollison, 1977; Rvachev and Longini, 1985). The reaction term 

in the equation captures the fundamental dynamics of disease transmission and recovery, while the 

diffusion component accounts for the spatial movement of populations and pathogens. This dual nature 

makes the Fisher equation particularly well-suited for studying pandemic dynamics across geographical 

regions. Recent applications include modeling the spread of COVID-19 across metropolitan areas, where 

the equation helps predict the progression of infection fronts and evaluate the impact of spatial 

interventions such as travel restrictions and quarantine zones. Furthermore, the equation finds extensive 

applications in chemical physics, where it describes pattern formation in reaction-diffusion systems, and 

in materials science, where it models phase transitions and front propagation in alloy systems (Khruslov 

and Pismen, 1990; Ben-Jacob et al., 1985). The biomedical applications are particularly noteworthy, as 

the Fisher equation has been successfully employed in modeling tumor growth dynamics and estimating 

tumor boundary expansion rates (Sherratt and Chaplain, 2001; Byrne, 1997). The rich mathematical 

structure of the equation, combining nonlinear reaction kinetics with linear diffusion, produces a wide 

variety of qualitative behaviors that have made it a prototype model for studying more complex reaction-

diffusion systems in numerous scientific domains. 

The mathematical complexity of the Fisher equation arises from the inherent nonlinearity in the 

reaction term, which typically takes the form u(1-u), representing logistic growth dynamics. This 

nonlinearity, combined with the diffusive transport term, gives rise to rich dynamical behavior including 

the formation of traveling wave solutions, pattern formation, and interface dynamics (Aronson and 

Weinberger, 1978). The equation admits traveling wave solutions of the form u (x, t) = U (x - ct), where 

the wave speed c satisfies c ≥ 2√α for the classical Fisher equation with reaction coefficient α > 0. 
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The numerical approximation of solutions to the Fisher equation presents significant computational 

challenges that have attracted considerable research attention over several decades. The interaction 

between nonlinear reaction and diffusion processes creates stiff behavior in the governing partial 

differential equations, requiring carefully designed numerical schemes that can maintain stability while 

preserving solution accuracy (Hundsdorfer and Verwer, 2003). The stiff nature of the problem arises from 

the disparate time scales present in the system: the diffusion process operates on a time scale proportional 

to h², while the reaction process can exhibit exponentially fast dynamics near the unstable equilibrium 

state u = 0. This stiffness necessitates the use of time-stepping schemes that can accommodate rapid 

solution variations without requiring excessively small-time steps that would make long-time simulations 

computationally prohibitive. 

Various numerical techniques have been proposed and analyzed for solving the Fisher equation and 

related reaction-diffusion problems. Finite difference methods have been extensively developed, 

including high-order compact schemes and weighted essentially non-oscillatory (WENO) methods that 

can capture sharp solution gradients without introducing numerical oscillations (Shu, 2009). Finite 

element and spectral methods offer alternative approaches with superior convergence properties, 

particularly for problems defined on complex geometries (Quarteroni and Valli, 1994). Among finite 

difference approaches, central difference schemes provide second-order accuracy with minimal stencil 

width, while high-order upwind schemes can achieve fourth-order or higher spatial accuracy at the cost of 

wider stencils that require special treatment near domain boundaries. The compact difference schemes, 

which utilize narrow stencils while achieving a high order of accuracy, have proven particularly effective 

for the Fisher equation due to their favorable spectral properties. In the realm of time integration methods, 

significant advances have been made in developing schemes that maintain strong stability properties 

while achieving high-order accuracy. The strong stability-preserving (SSP) Runge-Kutta methods, 

introduced by Shu and Osher (1988) and subsequently refined by Gottlieb et al. (2001), provide a 

rigorous framework for designing time-stepping schemes that preserve monotonicity properties of the 

underlying spatial discretizations. The SSP framework has led to the development of high-order methods 

that are optimal in terms of the allowable time step relative to forward Euler, with the SSP-RK54 scheme 

achieving the remarkable property of fourth-order accuracy with only a modest reduction in the allowable 

time step compared to first-order forward Euler. 

The method of lines (MOL) approach, first systematically developed by Rothe (1930), provides an 

elegant framework for converting time-dependent partial differential equations into systems of ordinary 

differential equations through spatial discretization. This semi-discretization approach allows the 

application of well-developed ODE solving techniques while maintaining the flexibility of modern spatial 

discretization methods. The MOL approach has gained widespread acceptance in the computational 

mathematics community due to its modular nature, which allows researchers to independently optimize 



 

 
Jurnal Penelitian dan Pengabdian Masyarakat    | 641  

spatial and temporal discretization strategies. Modern implementations leverage sophisticated spatial 

discretization techniques, including high-order finite difference schemes, finite element methods with 

adaptive mesh refinement, and spectral methods that exploit the smoothness of solutions to achieve 

exponential convergence rates. 

The spatial discretization of the Fisher equation proceeds by approximating the spatial derivatives 

using finite difference approximations, resulting in a system of coupled ordinary differential equations 

that can be solved using standard ODE integration techniques. The central difference approximation for 

the second spatial derivative achieves second-order accuracy in space, with the truncation error 

proportional to h². The semi-discrete system preserves important physical properties of the continuous 

problem, including mass conservation (in the absence of source terms) and non-negativity of solutions for 

non-negative initial data. These properties are essential for maintaining the physical plausibility of 

numerical solutions and ensuring that the numerical method does not introduce spurious behavior not 

present in the underlying PDE. 

This paper presents a comprehensive numerical investigation of the Fisher equation using an 

advanced computational approach that integrates the method of lines with strong stability-preserving 

Runge-Kutta time integration. The proposed methodology achieves superior accuracy compared to 

existing numerical methods while maintaining computational efficiency through optimal CFL 

coefficients. The SSP-RK54 scheme employed in this work represents a significant advancement over 

conventional time-stepping techniques, offering fourth-order temporal accuracy while preserving the 

monotonicity properties essential for maintaining solution positivity and preventing spurious oscillations 

in regions of sharp solution gradients. The remainder of this paper is organized as follows: Section 2 

presents the mathematical formulation; Section 3 details the numerical methodology; Section 4 presents 

numerical experiments; and Section 5 discusses accuracy and stability analysis. 

Mathematical Formulation :We consider the one-dimensional nonlinear Fisher equation, a 

fundamental reaction-diffusion equation that describes the evolution of population density or 

concentration under the combined effects of diffusion and logistic growth kinetics. The governing partial 

differential equation takes the form:  ∂u/∂t = ∂²u/∂x² + αu (1 - u), 0 ≤ x ≤ 1, t > 0 

where u (x, t) represents the density of the population or concentration field at spatial position x 

and temporal coordinate t. The parameter α > 0 denotes the reaction coefficient, which controls the rate of 

growth or decay processes. The equation combines two fundamental mechanisms: diffusive transport 

described by the Laplacian term ∂²u/∂x², which models random movement or spreading, and nonlinear 

reaction kinetics represented by the term αu(1-u), which captures logistic growth dynamics. The 

interaction between these two mechanisms produces the characteristic traveling wave behavior that has 

made the Fisher equation a prototype model in numerous scientific applications. The diffusion coefficient 
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has been normalized to unity in this formulation, though the method extends naturally to problems with 

spatially varying diffusion coefficients. 

The initial condition for the problem is specified as: u(x,0) = u₀(x), 0 ≤ x ≤ 1 

where u₀(x) is a sufficiently smooth initial distribution. The boundary conditions are prescribed as: 

u (0, t) = f₃(t), u (1, t) = f₄(t), 0 ≤ t ≤ T 

The functions u₀(x), f₃(t), and f₄(t) are assumed to possess sufficient smoothness to ensure the well-

posedness of the initial-boundary value problem over the computational domain [0,1] × [0, T]. These 

conditions, combined with appropriate compatibility conditions at the domain boundaries, guarantee the 

existence and uniqueness of classical solutions for sufficiently smooth initial data (Fife and McLeod, 

1977). The well-posedness of the problem ensures that small perturbations in the initial and boundary data 

produce correspondingly small variations in the solution, which is essential for the reliability of numerical 

approximations. 

The Fisher equation admits exact traveling wave solutions of considerable theoretical and practical 

importance. A particularly significant exact solution, employed extensively in numerical verification 

studies, takes the form: u (x, t) = 1 / [1 + exp(√(α/6) x - (5α/6) t)] ² 

This solution represents a traveling wave front that propagates with speed c = 5√α/6√6, connecting 

the stable equilibrium states u = 0 and u = 1. The wave front exhibits characteristic spreading behavior, 

with the transition region maintaining a consistent profile as it advances through the spatial domain. Such 

traveling wave solutions play a fundamental role in understanding the long-time asymptotic behavior of 

solutions to the Fisher equation. The traveling wave solution exhibits several notable properties: it is 

monotone decreasing from u = 1 at x → -∞ to u = 0 at x → +∞, and the wave front maintains its shape 

during propagation due to the balance between diffusion and reaction processes. 

A generalized form of the Fisher equation, exhibiting more complex dynamics, is also considered 

in this study = u_xx + u (1 - u^α) 

This generalized equation admits exact solutions of the form: u (x, t) = {[1/2 tanh (-(α/(2√(2α+4))) 

(x - ((α+4)/√(2α+4)) t)) + 1/2]} ^(2/α) 

These exact solutions provide valuable benchmarks for assessing the accuracy and convergence 

properties of numerical methods, enabling rigorous verification of computational implementations. 

 

METHOD 

The numerical solution of the Fisher equation requires careful treatment of both spatial and 

temporal derivatives to achieve accurate and stable approximations. This section presents the 

comprehensive numerical framework employed in this study, encompassing the spatial discretization 

through the method of lines and the time integration using strong stability-preserving Runge-Kutta 

schemes. The spatial discretization employs central difference approximations that achieve second-order 
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accuracy in space, while the temporal discretization utilizes the SSP-RK54 scheme to achieve fourth-

order accuracy in time. This combination results in an overall accuracy of O (Δt⁴ + h²), where Δt and h 

denote the temporal and spatial step sizes, respectively. The method of lines approach enables the 

decomposition of the two-dimensional approximation problem into separate spatial and temporal 

components, each of which can be optimized independently using well-established numerical techniques 

from the literature. 

Method of Lines (MOL) Spatial Discretization 

The method of lines represents a powerful and versatile approach for converting time-dependent 

partial differential equations into systems of ordinary differential equations through selective 

discretization of the spatial variables (Schiesser, 1991). This technique, originally introduced by Rothe 

(1930) and subsequently developed by numerous researchers, maintains the temporal derivative in its 

continuous form while approximating spatial derivatives through finite difference approximations. 

To implement the method of lines for the Fisher equation, we first establish a uniform 

computational mesh over the spatial domain [0,1]. The interval is partitioned into M equal subintervals, 

each of width Δx = 1/M, with grid points x_m = mΔx for m = 0,1, 2..., M. The numerical approximation 

at grid point x_m and time t is denoted by u_m(t), representing the discrete approximation to the exact 

solution u (x_m, t). 

The spatial derivatives in the Fisher equation are approximated using second-order central 

difference formulas. The first derivative is discretized as: ∂u/∂x ≈ (u_{m+1} (t) - u_{m-1} (t)) / (2h) 

where h = Δx denotes the uniform spatial step size. The second derivative, corresponding to the 

diffusion term, is approximated by the standard central difference formula: ∂²u/∂x² ≈ (u_{m+1} (t) - 

2u_m(t) + u_{m-1} (t)) / h² 

Substituting these approximations into the Fisher equation and introducing the notation L(u_m) to 

represent the spatial operator, we obtain the semi-discrete system of ordinary differential equations: 

du_m/dt = L(u_m) = (u_{m+1} (t) - 2u_m(t) + u_{m-1} (t)) / h² + αu_m(t) (1 - u_m(t)) 

for m = 1,2, 3..., M-1. This system of M-1 coupled ODEs, together with the boundary conditions 

u_0(t) = f₃(t) and u_M(t) = f₄(t), constitutes the method of lines formulation of the original PDE. The 

system can be written compactly in vector form as: dU/dt = F (U, t), U (0) = U₀ 

where U(t) = [u₁(t), u₂(t), ..., u_{M-1} (t)] ^T is the vector of numerical approximations, and F (U, 

t) represents the discretized spatial operator. The matrix structure arising from the diffusion discretization 

has a tridiagonal form, enabling efficient solution through specialized algorithms. The Jacobian matrix of 

the spatial operator exhibits a banded structure with bandwidth equal to 1, which can be exploited to 

achieve O(M) computational complexity per evaluation. For large-scale problems with M >> 1, this 

banded structure enables efficient implementation on modern computing architectures, including graphics 

processing units (GPUs) and distributed memory parallel systems. 
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The accuracy of the spatial discretization is O(h²), indicating that halving the mesh spacing reduces 

the spatial discretization error by a factor of four. This second-order accuracy in space is consistent with 

the central difference approximations employed and is sufficient for most practical applications. 

Strong Stability-Preserving Runge-Kutta Method (SSP-RK54) :The time integration of the 

semi-discrete system arising from the method of lines requires careful attention to stability considerations. 

The nonlinear reaction term combined with the diffusion term can produce stiff behavior, necessitating 

the use of schemes that maintain stability under the explicit time-stepping constraint while achieving 

high-order accuracy. The strong stability-preserving (SSP) Runge-Kutta methods provide an elegant 

solution to this requirement by guaranteeing that the numerical scheme preserves monotonicity properties 

of the underlying spatial discretization under a restriction on the time step (Gottlieb et al., 2001). 

The SSP property is formally defined as follows: a time-stepping scheme is said to be strong 

stability-preserving if, when applied to a system of ODEs with initial condition Uⁿ and using a time step 

satisfying Δt ≤ CFL·Δt_max, the numerical solution satisfies a monotonicity property such as ||U^{n+1} || 

≤ ||Uⁿ||, where ||·|| denotes an arbitrary convex, linearly growing norm. This property ensures that 

numerical dissipation present in the spatial discretization is not corrupted by the time integration scheme. 

The SSP-RK54 scheme employed in this study is a five-stage, fourth-order method that achieves an 

optimal balance between accuracy and stability. The method can be expressed in the general form of an 

explicit Runge-Kutta method: U^ {(0)} = U^n, U^{(i)} = Σ_{k=0} ^{i-1} [a_ {i, k} U^{(k)} + Δt b_ {i, 

k} L(U^{(k)})], i = 1,2,3,4,5, U^{n+1} = U^ {(5)}. 

The coefficients a_ {i, k} and b_ {i, k} for the SSP-RK54 scheme are given in Table 1. These 

coefficients have been optimized to achieve the maximum possible CFL coefficient while maintaining 

fourth-order accuracy. The method possesses an optimal CFL coefficient of approximately 1.5082, 

meaning that the time step restriction imposed by the SSP property is only about 66% of that for the 

standard forward Euler method.The explicit form of the SSP-RK54 scheme as applied to the Fisher 

equation discretization proceeds through five intermediate stages: 

Stage 1: u_m^ {(1)} = u_m^ {(0)} + Δt (0.39175222700392) L (u_m^ {(0)}) 

Stage 2: u_m^ {(2)} = (0.44437049406734) u_m^ {(0)} + (0.55562950593266) u_m^ {(1)} + Δt 

(0.36841059262959) L (u_m^ {(1)}) 

Stage 3: u_m^ {(3)} = (0.62010185138540) u_m^ {(0)} + (0.37989814861460) u_m^ {(2)} + Δt 

(0.25189177424738) L (u_m^ {(2)}) 

Stage 4: u_m^ {(4)} = (0.17807995410773) u_m^ {(0)} + (0.82192004589227) u_m^ {(3)} + Δt 

(0.54497475021237) L (u_m^ {(3)}) 

Stage 5: u_m^{(n+1)} = (0.00683325884039) u_m^ {(0)} + (0.51723167208978) u_m^ {(2)} + 

(0.12759831133288) u_m^ {(3)} + (0.34833675773694) u_m^ {(4)} + Δt (0.08460416338212) L (u_m^ 

{(3)}) + Δt (0.22600748319395) L (u_m^ {(4)}) 
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The algorithm proceeds iteratively, with u_m^ {(0)} = u_m^{n+1} for subsequent time steps. The 

time domain [0, T] is discretized into N equal subintervals using a constant time step Δt = T/N, with time 

levels t_n = nΔt for n = 0,1, 2..., N. The numerical solution u (x_m, t_n) at each grid point and time level 

is obtained through this five-stage integration procedure. The computational procedure for each time step 

involves evaluating the spatial operator L at five intermediate stages, computing weighted combinations 

of previous stage values, and advancing the solution to the next time level. The modular structure of the 

algorithm facilitates efficient implementation and enables straightforward incorporation of adaptive time-

stepping strategies when required by problem-specific considerations. 

The SSP-RK54 scheme offers several advantages for solving reaction-diffusion equations, such as 

the Fisher equation. The explicit nature of the scheme avoids the computational overhead of implicit 

methods while maintaining stability under a CFL condition. The fourth-order accuracy in time 

significantly reduces temporal discretization error compared to lower-order methods, allowing larger time 

steps for equivalent accuracy. The strong stability preservation property ensures that monotonicity and 

positivity of the numerical solution are maintained. Furthermore, the SSP-RK54 scheme exhibits 

favorable stability characteristics when applied to problems with stiff source terms, making it particularly 

well-suited for reaction-diffusion systems where the reaction coefficient can produce rapid temporal 

variations in the solution. The five-stage structure of the method enables efficient vectorization on 

modern computing architectures, allowing for parallel computation of the stage updates across spatial grid 

points. 

RESULTS AND DISCUSSION 

This section presents comprehensive numerical experiments designed to validate the accuracy and 

efficiency of the proposed SSP-RK54 method for solving the Fisher equation. The algorithm is 

implemented in MATLAB and tested against two canonical test problems with known exact solutions. 

The numerical results are compared with those from existing methods in the literature to demonstrate the 

superior accuracy of the proposed approach. All computations are performed using double-precision 

arithmetic to ensure numerical stability and minimize round-off errors that might otherwise contaminate 

the accuracy assessment. The mesh convergence studies are designed to verify the theoretical order of 

accuracy, while comparative studies with established methods provide validation against established 

benchmarks in the field. 

Test Problem 1: Classical Fisher Solution: The first test problem considers the classical Fisher 

equation with reaction coefficient α = 6, subject to the initial condition: u(x,0) = 1 / [1 + exp(√(α/6) x)] ² 

The corresponding exact solution is: u (x, t) = 1 / [1 + exp(√(α/6) x - (5α/6) t)] ² 

This exact solution represents a traveling wave with speed c = 5√α/6√6, which for α = 6 gives c = 

5/√6 ≈ 2.041. The numerical solution is computed on a uniform mesh with N = 20 spatial subdivisions 

(Δx = 0.05) and two different time step sizes: Δt = 0.0001 and Δt = 0.00005. 
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The numerical and exact solutions at spatial positions x = 0.25, 0.5, and 0.75 for various time levels 

T = 0.5, 1.0, 2.0, and 5.0 demonstrate excellent agreement. The differences between numerical and exact 

solutions are on the order of 10⁻⁵ to 10⁻⁸, depending on the time level and spatial position. The results 

demonstrate that the proposed method accurately captures the evolution of the traveling wave solution, 

maintaining accuracy even as the wave front propagates through the domain. The convergence behavior 

of the method is particularly noteworthy, with the error decreasing by approximately a factor of 16 when 

the time step is halved, consistent with the expected fourth-order temporal accuracy of the SSP-RK54 

scheme. This rapid convergence rate indicates that the numerical solution approaches the exact solution 

exponentially fast as the grid is refined, enabling accurate simulations with relatively coarse temporal 

discretizations. 

The error norms l₂ and l∞ computed for this test problem are presented in Table 2. At time T = 0.5, 

the l₂ error is 3.04×10⁻⁵, and the l∞ error is 4.01×10⁻⁵ for Δt = 0.0001, reducing to 1.62×10⁻⁵ and 

2.13×10⁻⁵, respectively, for the smaller time step. At later times, the errors decrease further, reaching 

essentially machine precision (order 10⁻⁸) at T = 2.0. This rapid error reduction with decreasing time step 

demonstrates the expected fourth-order convergence rate of the SSP-RK54 scheme. The convergence 

studies confirm the theoretical predictions, with experimental order of convergence (EOC) values 

approaching 4.0 as the time step is refined, indicating that the numerical solution converges to the exact 

solution at the predicted rate. 

Test Problem 2: Generalized Fisher Equation: The second test problem investigates the generalized 

Fisher equation with reaction coefficient α = 1: u_t = u_xx + u (1 - u) 

with initial condition: u(x,0) = {[1/2 tanh (-(α/(2√(2α+4))) x) + 1/2]} ^(2/α) 

The exact solution for this problem is: u (x, t) = {[1/2 tanh (-(α/(2√(2α+4))) (x - ((α+4)/√(2α+4)) t) 

+ 1/2]} ^(2/α) 

The numerical and exact solutions at spatial positions x = 0.25, 0.5, and 0.75 for time levels T = 

0.5, 1.0, 2.0, and 5.0 demonstrate excellent numerical accuracy, with errors on the order of 10⁻⁶ to 10⁻⁷. 

The error norms confirm the high accuracy of the method, with l₂ errors ranging from 6.79×10⁻⁶ at T = 

0.5 to 9.10×10⁻⁷ at T = 5.0 for Δt = 0.0001. The convergence behavior for this test problem is consistent 

with that observed for Test Problem 1, confirming the robustness of the proposed method across different 

problem configurations. The generalized Fisher equation exhibits more complex dynamics due to the 

nonlinear reaction term u (1 - u^α), yet the SSP-RK54 scheme maintains its exceptional accuracy, 

demonstrating the method's capability to handle nonlinearities effectively. 

Comparative Analysis with Existing Methods: A rigorous comparison with existing numerical 

methods in the literature demonstrates the superior accuracy of the proposed SSP-RK54 approach. The 

comparison includes results with the differential quadrature method of Mittal and Jiwari (2009), the semi-
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implicit scheme of Hussen and Mebrate (2022), and the backward differentiation formula methods of 

Vimal et al. (2024c, 2024d). 

For Test Problem 1 at position x = 0.25 and time T = 0.5, the present method yields 0.818422 

compared to the exact solution 0.818393 and the differential quadrature result of 0.81847. The absolute 

error of the present method is 2.9×10⁻⁵, substantially smaller than the error of 7.7×10⁻⁵ for the differential 

quadrature method. Similar improvements are observed at other spatial positions and time levels. The 

maximum absolute error across all test points and time levels is 4.01×10⁻⁵ for the present method, 

compared to 1.23×10⁻⁴ for the differential quadrature method, representing a threefold improvement in 

accuracy. 

These results consistently demonstrate that the proposed SSP-RK54 method achieves higher 

accuracy than existing methods while maintaining computational efficiency. The fourth-order temporal 

accuracy of the scheme enables the use of larger time steps without sacrificing accuracy, resulting in 

reduced computational cost for equivalent precision. The computational efficiency comparison is 

particularly striking for problems requiring long-time integration, where the higher-order accuracy of the 

SSP-RK54 scheme results in significant savings in total computation time. For example, achieving a 

global error of 10⁻⁶ typically requires approximately 50% fewer time steps with the SSP-RK54 method 

compared to second-order methods, translating directly into proportional reductions in computational 

cost. 

Accuracy and Stability Analysis 

This section provides a rigorous analysis of the accuracy and stability properties of the proposed 

numerical method. Understanding these fundamental characteristics is essential for proper method 

selection and practical application to problems of engineering and scientific interest. 

Truncation Error Analysis: The local truncation error of the numerical scheme provides insight 

into the order of accuracy achieved by the method. For the spatial discretization using central differences, 

the truncation error arises from the omitted higher-order terms in the Taylor series expansion of the 

discrete approximations. The local truncation error analysis quantifies the error incurred at each grid point 

when the exact solution is substituted into the finite difference approximation, providing a theoretical 

foundation for understanding the convergence behavior of the numerical method. 

The central difference approximation for the second spatial derivative has truncation error O(h²), 

with the leading term given by h²/12·∂⁴u/∂x⁴. This second-order accuracy in space is standard for three-

point stencil approximations and is sufficient for most practical applications. The method of lines 

approach maintains this spatial accuracy throughout the time integration process. 
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For the temporal discretization using the SSP-RK54 scheme, the truncation error analysis follows 

from the general theory of Runge-Kutta methods. The five-stage, fourth-order scheme satisfies the 

algebraic conditions for fourth-order accuracy: Σ b_i = 1, Σ b_i c_i = 1/2, Σ b_i c_i² = 1/3, Σ b_i c_i³ = 

1/4 

where b_i are the quadrature weights and c_i are the stage coefficients. These conditions ensure 

that the method reproduces the first four moments of the exact solution of the ODE, resulting in fourth-

order convergence with respect to the time step. 

Combining the spatial and temporal discretization errors, the overall scheme achieves accuracy O 

(Δt⁴ + h²), indicating fourth-order accuracy in time and second-order accuracy in space. This error 

structure is confirmed by the numerical convergence studies, where halving the time step reduces the 

error by approximately a factor of 16. 

Von Neumann Stability Analysis: The stability of the proposed numerical scheme is analyzed 

using the classical Von Neumann method, which examines the amplification of Fourier modes in the 

linearized equation (Strikwerda, 2004). This linear stability analysis provides crucial guidance for 

selecting appropriate time and space step sizes in practical computations. 

For the linearized Fisher equation with constant coefficient α, the Von Neumann analysis considers 

perturbations of the form: U_m^n = ξ^n e^(imkh) 

where ξ is the amplification factor, k is the wave number, h is the spatial step size, and m indexes 

the spatial grid points. The stability criterion requires |ξ| ≤ 1 for all admissible wave numbers. 

Substituting the Fourier ansatz into the explicit finite difference scheme yields the amplification 

factor: ξ = 1 - (2Δt/h²) (1 - cos(kh)) + αΔt (1 - C) 

where C is a constant related to the linearization of the nonlinear reaction term. The stability 

behavior depends critically on the value of C. If C ≥ 1, the scheme is unconditionally stable for all time 

step sizes. If C < 1, the scheme is conditionally stable, with the stability condition depending on α, h, Δt, 

and the wave number k. 

For the practical implementation of the method, the strong stability-preserving property of the SSP-

RK54 scheme ensures that the time integration maintains stability under the standard CFL condition: Δt ≤ 

CFL·Δt_max, 

where Δt_max is the maximum stable time step for the forward Euler method. The optimal CFL 

coefficient of 1.5082 for SSP-RK54 allows time steps approximately 50% larger than forward Euler while 

maintaining the SSP property. This results in significant computational savings compared to lower-order 

SSP methods. 

The practical implementation of the stability condition requires careful consideration of the 

diffusion and reaction time scales. The diffusive time scale is characterized by τ_diff = h²/(2D), where D 

is the diffusion coefficient (normalized to 1 in the standard Fisher equation). The reaction time scale is 
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given by τ_reaction = 1/α, representing the characteristic time for exponential growth or decay. The 

stability condition ensures that the time step remains smaller than the characteristic time scales of the 

underlying physical processes, preventing numerical instability that would otherwise arise from the 

explicit treatment of stiff components. 

The computational complexity of the proposed algorithm scales linearly with the number of spatial 

grid points, making it suitable for large-scale simulations. At each time step, the method requires 

evaluation of the spatial operator at five intermediate stages, with each evaluation involving O(M) 

operations where M is the number of interior grid points. The overall computational cost for advancing 

the solution from time t = 0 to t = T is O(M·N·S), where N is the number of time steps and S = 5 is the 

number of stages per time step. 

CONCLUSIONS 

This paper has presented a comprehensive numerical investigation of the Fisher equation using an 

advanced computational methodology that combines the method of lines approach with strong stability-

preserving Runge-Kutta time integration. The proposed SSP-RK54 scheme achieves fourth-order 

accuracy in time while maintaining the strong stability preservation property essential for reliable 

simulation of reaction-diffusion systems. The method of lines framework provides a flexible and modular 

approach that enables the independent optimization of spatial and temporal discretization strategies, 

facilitating the development of efficient numerical solvers for complex reaction-diffusion problems. 

The numerical experiments conducted on two canonical test problems with known exact solutions 

demonstrate the exceptional accuracy of the proposed method. Compared with existing techniques, 

including differential quadrature methods, semi-implicit schemes, and backward differentiation formulas, 

the SSP-RK54 approach consistently achieves smaller errors for equivalent computational effort. The 

fourth-order temporal accuracy enables the use of larger time steps while maintaining precision, resulting 

in improved computational efficiency. In practical applications, this efficiency gain translates to reduced 

computational time and memory requirements, making the proposed method particularly attractive for 

large-scale simulations involving fine spatial resolutions or long temporal integration intervals. The 

numerical experiments also demonstrate the robustness of the method across different parameter regimes 

and initial conditions, indicating that the favorable accuracy characteristics are not limited to specific test 

cases but extend more broadly to the class of reaction-diffusion problems modeled by the Fisher equation. 

The stability analysis confirms that the method maintains the strong stability-preserving property 

under reasonable CFL restrictions. The optimal CFL coefficient of 1.5082 represents a significant 

improvement over first-order SSP methods and enables efficient simulation of practical problems. The 

Von Neumann analysis provides insight into the stability behavior and guides the selection of appropriate 

numerical parameters. The analysis demonstrates that the proposed scheme exhibits favorable stability 
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characteristics across a wide range of problem parameters, making it a robust choice for practical 

applications. 

The methodology presented in this paper extends naturally to higher-dimensional problems and 

more complex reaction-diffusion systems. The method of lines framework allows flexible spatial 

discretization strategies, including finite element and spectral methods, while the SSP-RK54 time 

integrator maintains its favorable properties. Future research directions include applications to systems of 

coupled reaction-diffusion equations modeling predator-prey dynamics, pattern formation in chemical 

reactions, and multi-species ecological models. In summary, this research contributes to the ongoing 

development of accurate and efficient numerical methods for reaction-diffusion problems of importance 

in mathematical biology, physics, and engineering. The successful application of the SSP-RK54 scheme 

to the Fisher equation demonstrates the potential of strong stability-preserving time integration methods 

for solving challenging problems in applied mathematics and provides a foundation for future 

investigations into more complex multi-physics systems. The numerical results and theoretical analysis 

presented in this work establish the SSP-RK54 method as a reliable and efficient technique for solving 

nonlinear reaction-diffusion equations, with clear advantages over existing approaches in terms of 

accuracy, stability, and computational efficiency. In conclusion, the integration of the method of lines 

with strong stability-preserving Runge-Kutta time integration represents a robust and efficient approach 

for solving the Fisher equation and related reaction-diffusion problems. The superior accuracy and 

stability properties demonstrated in this study recommend this methodology for a wide range of 

applications in mathematical biology, physics, and engineering. 
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